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(Linear Programming Problem)
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f Standard form of
linear programming problem and
matrix presentation

slack variable

+ 0X,

f Basic Solution (&#&) and
Feasible Basic Solution (srmezER)

Since the left-hand matrix is rank 2, we can
choose two vectors from the four column
X vectors of the matrix in order to form a basis of
. 1 two dimensional Euclidean space. Any vector
3 2:1 0) X, | _(12) inthe space can be uniquely written as a
1 20 1)x,!|" linear combination of elements of the basis.
' 3 Therefore, vector (12,8) in the right hand side
4 is also can be represented by a combination

of scalars .
For example, D XX X5 X,

Such combination of scalars is called
3 2 1 0)_(12 0
(3)enls)onlo)x(D)-(5) (] (8

“basic solution” of this linear equation.
(2,3,0,0) is a basic solution (EEf#), and it satisfies the non- = 0
negative condition and so it is called a feasible basic solution 3 0
(FATATEEE EAR). However, (8,0,-12,0) is a basic solution but Xﬁ e,
not a feasible basic solution because it is not non-negative. ° ;:Eg:;my
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Linear Programming

Linear programming problem can be solved by the
simplex method invented by George Dantzig in 1947.
We review its scheme of the algorithm.

\ /

/ Standard form of \
linear programming problem

-1
Minimize cTx where ¢ = —01
Subjectto  Ax =b, 0

x>0

<c, x> or (c|x)
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/ Basic Variable (#EZ#) and \
Non-Basic Variable (k&£gz#)

3 2 1 0 12
() x(8) o) (2)-(5)
Nonzero variables of the combination of (x1 X, X5 XA) are called

“basic variables” and the others are called “non-basic variables.”

For example, basic variables of basic solution (2,3,0,0) are X, and X,
and non-basic variables are X, and Xy

This case is (xll Xz): (2,3) and (X3- x4): (0,0)
(6.2)=(23). 5 100,%)=(44)
(le X3): (8-12) (er XA): (6,-4)
(Xll X4): (414) (X3, X4): (12,8)
k Basic variables of feasible basic solutions

Please consider
other combinations
for this example.




/ Graphical interpretation of \
Basic Solutions

X, +2X, + 0%, +1x, =8
X, (lexzvxsl ) (060 4)
(X4, Xy, X5, X, ) = (0,4,4,0)
(vazvxsv )=(2300)
(X4, Xy, X5, X, ) = (4,0,0,4)
(X, X5, X5, X, )= (8,0,~12,0)

{3x1 +2X, +1x, +0x, =12

(X].‘ X2’ X3‘ X4)
=(0,012.8)

= 3 — '+ =8
3x, +2x, =12 (x1+2x2+0x3+1 0=9)
(3%, +2x, +1-:0+0x, =12)

f Standard form of \
linear programming problem

Minimize ¢’ X Minimize CX, +CyX, -+ C, X,

j _ Subject to
sublectte Ax_b' a’llxl+a'12X2+"'+a1n n:bl
XZO a21X1+a22X2+.‘.+a2an :b2

Ay Xy 8 Xy + oo+ A, X, =b,
X =0,...,x,20

» How to find an initial feasible basic solution of the problem.

* How to update such feasible basic solutions to get new vertexes

K in which the objective values are improved. j

f Basic Variable (#&z%) and \
Non-Basic Variable (k&Ex#)

3 2 1 0 12
(3 (8ol 1(0)-(E)
Please consider (%, %)= (2,3) (%, %) = (4,4)
basi luti f
e cxample | (4,x)=(8-12) (,%)=(6-4)
(%, %, )=(4,4) : (XX, )=(12,8)
Basic variables of feasible basic solutions

Bxg +Nx =b Bxg +Nx, =b

2l 3o (6] 2 G ool

/ Simplex Method \

The simplex method is a method for solving problems in linear
programming. This method, invented by George Dantzig in 1947, tests
adjacent vertices of the feasible set (which is a polytope) in sequence so
that at each new vertex the objective function improves or is unchanged.
The simplex method is very efficient in practice, generally taking to
iterations at most (where is the number of equality constraints), and
converging in expected polynomial time for certain distributions of random
inputs (Nocedal and Wright 1999, Forsgren 2002). However, its worst-case
complexity is exponential, as can be demonstrated with carefully
constructed examples (Klee and Minty 1972).

A different type of methods for linear programming problems are interior
point methods, whose complexity is polynomial for both average and
worst case. These methods construct a sequence of strictly feasible points
(i.e., lying in the interior of the polytope but never on its boundary) that
converges to the solution. Research on interior point methods was spurred

wpaper from Karmarkar (1984). j
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AXZb, Bxy + Nx, =b
x>0 (xy :07"5 = Bilb) . .
where x; Is the vector of basic variables /
and x,, is the vector of nonbasic variables .

/ We take an initial feasible \
basic solution x,and then

AX=b,X>0;%X, =0,X, =B

Let x be any basic solution,

b and then we have

Ax =b,x >0, and hence

Bxg + Nx, =b

(ie., x; =B'b-B"Nx,)

We check each objective value

T
cN
N
. CT CL 0 c'X =cpXg + ey X,
B
BN

o

*CL(B 1b R’le \+c b'q

B'p|  -clBbici-cib Wi
If| e}, N zo,weget
c x2=cgi3+cL0

T T
T B | TR-L =CgXp + Oy Xy
0---0 —C= N|—CRB b | Therefore, ¢"x>c'x.

(I ) B S

Bfl N B —1b X is an optimal.




/ 0" | cy—cLB'N|-c.B™b Ax=b\
| | BN, B | X2

We consider the case whien/not Stopping of i‘eration, that is, the
termination condition dges fiot hold ¢l —clBINF0

T 7
such that cj—c<0 —> &&J(
...... / where\ e

@) ¢’ (x+4d) = X+ ¢! d<c'X,V1>0.

@) A(x+zd):Ax+/1A;1m (3) x+4d: (

:b+i{B(—B’1aj)+ Ne;} (Bb--

=b+A(-a;+a.)=b,VA1>0. =
K a5 +a)) L Ae;
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f Example of Simplex Method (2) \

By sweep-out method at 3.

0(0|0

12/3=4
8/1=8

4*3/2=6
4*3/4=3

Judgment condition

Q ............ Termination condition

= —5: Optimal solution
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/ Example of Simplex Method (1) \

Maximize X1 + X2 Minimize —1x, —1X, + 0x, +0X,
subject to subject to
3x, +2x, <12 3%, + 2%, +1%, +0x, =12
X, +2X, <8 X, +2X, +0%; +1x, =8
X, >20,X,>0 X, 20,X,20,%X,20,x, >0
Judamentconduon | 4 | 4§ 0 | 0 | O
(Termination condition) Passssspsssss ." =
3| 2 1 0

Initial feasible basic solution

(X%, %, %, %,)=(0,0128) | 1 | 2 f O | 1

e )

wal feasible basic variables are X, and Xy Initial basic matrix /

4 LA—hpaEE I

Please try to solve by the simplex method. 25w/ &E#%E3DH-T, §l#
. ADIEEEEFREHITET .
Minimize  —3X; —2X, —4X;  whimize —3% — 2%, —4X,
' supjectto X, + X, +2X; +X, =4
subjectto X, + X, +2X; <4 2;(1 2+2Xz+x:=9
2X, -i-2X3 <9 2%+ %, + 3% + X =7
2X + X, +3%, <7

X >0,%,>0,% >0,

Xy 20,% >0,% 20
% 20,X,20,% 20 ) 2Lz, zomsemymLT,
TOLIIRIZT S,

Judg. me.nt condit-ic.)n 300 4 0 0 0 0
(Termination condition) feerrrywrrregreees fessssbesues S
1 2i1]10/|0
2/0(2t0(1]0
2|1|340]0]1]
\ Initial basic matrix /




