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Proposition 1. Let f be a real-valued function. Then f is convex if and only
if Vi, ...,zp € X, VA1, ..., Ay such that A\, >0, Vi=1,...,n, > " |\ =1,

FO - Niwg) <7 Nif (x0).
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Let X be a topological space. Let f: X — (—o00,00], x € X, and denote N/
the family of all neighborhoods of z. Remember that

liminf f(y) = sup inf f(y).

y—w () WeN yeW\{z} )

Definition 1. Let f : X — (—o00,00]. f is said to be lower semicontinuous
if epi f is a closed subset of X x R. Given x € X, f is said to be lower
semicontinuous at x if

liminf f(y) = f(z).
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Example 1. Determine a curve v € Cta,b] (with —co < a < b < 00) with
smallest length which connects the two end points (a,z1) and (b,x2) (where
z1,x2 € R). In other words: We are looking for a minimal point T of f on
S with
S :={z € Ca,b] | z(a) = 1 and z(b) = x5},

and

f(z) = /b\/l + @(t)2dt for all z € S.



